New explicit expressions are derived for the one-loop two-point Feynman integral with arbitrary external momentum and masses m 2 1 and m 2 2 in D dimensions. The results are given in terms of Appell functions, manifestly symmetric with respect to the masses m 2 i . Equating our expressions with previously known results in terms of Gauss hypergeometric functions yields reduction relations for the involved Appell functions that are apparently new mathematical results.
I. INTRODUCTION
In this paper, we derive simple new analytic expressions for a standard D dimensional one-loop two-point Feynman integral with two different masses m .
(
Our results are given terms of a single, manifestly symmetric Appell function 1 F 4 , or alternatively, the Appell function F 1 .
The integrals like that in ( 
of two complicated terms, none of which obeyed the symmetry m We believe that such kind of results are interesting on their own right, and hope that their existence can be useful in the quantum field theory. Moreover, comparing our results with the expression of BDS we arrive at special identities between the Appell and Gauss hypergeometric functions that are apparently new mathematical relations.
Moreover, there exists another reason for practical utility of our results. In fact, our motivation for present calculations was in the theory of the critical behavior of statistical mechanical systems at Lifshitz points 3 . Reviews and extensive lists of references on this In the generic case of non-isotropic m-axial Lifshitz points with 0 < m < d, when we are interested, for example, in the one-loop energy-energy correlation function, a further integral over q has to be still performed in (3). To be feasible, its integrand must be as simple and symmetric as possible. We could not use the BDS result of the inner p integration to proceed.
The reason was the lack of symmetry m 2 1 ↔ m 2 2 in individual terms F of (2). This implied the presence of complicated explicit dependencies on odd powers of the integration variable q in each of these terms. Of course, they cancel out in the symmetric sum (2), which is an even function of q (and q x ). But the outer integration of any part of this sum appeared completely hopeless.
In a hope to achieve the desired simple symmetry of the inner integral in (3), we have differently tried to apply the numerous standard transformation formulas of Gauss hypergeometric functions in the BDS result, but in vain. The application of the Feynman-parameter integration also lead us only to results equivalent to that of BDS. Hence, we were urged to attempt a completely different calculation in order to get the inner integral given separately by (1) in a simplest possible and manifestly symmetric form.
Before turning to details of our calculation and its implications, we write down the BDS result in the following section.
II. THE RESULT OF BERENDS, DAVYDYCHEV, AND SMIRNOV 2
The Feynman integral of equation (1) obeys the scaling relation
where we define, as usual for the critical phenomena theory, D = 4 − ε (note that this differs from the space-time dimension n = 4 − 2ε of BDS). Hence, without loss of generality we can consider the function (cf. (3)) 
For brevity, we denoted by (m ). Thus, we had to calculate the integral (5) by using another procedure, not related to that of BDS or the Feynman parametrization. The way of doing it is described in the next section.
III. THE ALTERNATIVE CALCULATION

Let us return to the integral (5). Denoting the denominators of its integrand by A − and
A + , we write it as
Using the partial fraction expansion we decompose our integral into two terms via
Now, it is useful to introduce the arithmetic mean a = (A − + A + )/2 and to express the denominators A − and A + in terms of their mean value a and deviation from it b, as A ± = a ± b. Hence,
This representation brings into consideration the mass center m 2 = (m with
.
Here m As a next step, we perform the angular integration in I ± via
Here K D is a usual geometric factor given by
is the value of the θ integral without the denominator. The required result is
Hence we obtain, by definition of the Gauss hypergeometric function, a series represen-
where (c) n ≡ Γ(c + n)/Γ(c) is the Pochhammer symbol. Here, inside of the square brackets we get a simple realization of the symmetry m 
Using equation (10) we can simply perform the remaining integration over the radial distance p in (9) . Its output is again (see (6) ) given as I(m ) we obtain a double series expansion
The same result could be reached directly from equation (9) by using binomial expansions for each of two terms in the square brackets.
The double series in (11) does not match directly any item of the Horn list (see Refs.
15,17) of essentially distinct complete hypergeometric functions of two variables. This leaves a possibility that it can be reduced to some standard function through certain algebraic rearrangements.
We see that one of the Pochhammer symbols in the nominator of (11) has a doubling of the summation index k. This is rather unusual in the theory of generalized hypergeometric functions. In order to reduce our double series to a more common form, one has to get rid of this duplication. This can be achieved by applying the exact resummation formula (Ref.
15, p. 100)
k,n≥0
along with the identity (Ref. 15 , p. 23)
These manipulations lead us tô
Here we identify the inner finite sum with 2 F 1 (−n, ε/2 + n; 1/2; −m 
Thus we getÎ
where we again encounter the familiar discriminant ∆ from equation (8) . This time it appears in a compact form as
The sum in equation (14) 
Thus, the basic integral I(m
2 ) is given bŷ
For reader's convenience, we recall the notation m b = (m 
Let us check the convergence region of the Appell function F 4 in (17). Following (16), we have to make sure that the combination
To this end we rewrite the value ∆ as
The last equality gives evidence that 
IV. A FURTHER TRANSFORMATION OF THE APPELL FUNCTION
There is a repetition of two parameters in the Appell function F 4 appearing in the equation (17) . This means that the result (17) 
by means of Bailey's 19 reduction formula
Denoting for a while the arguments 1/∆ and 4m 
with the new discriminant
astonishingly similar to the function ∆ from equation (8) .
The last three equations yield totally unexpected simple expressions. In particular, we , we obtain
An alternative choice of minus signs in (22) , as in Ref. 
Reintroducing by scaling (4) the momentum dependence of the original Feynman integral
(1) and taking into account the overall numeric factor (6) we obtain a very appealing in its structure result
A note is in order here. The last two equations represent the double series expansions 
to the Appell function F 1 in (25) . This provides the necessary analytic continuation for this function, very similar to that given by the linear transformation (13) for the Gauss hypergeometric function: The first argument of F 1 behaves in exactly the same way as the variable z in (13). Hence we obtain, for any m 1 , m 2 > 0,
The convergence range of this double series expansion now coincides with the initial validity domain of the original integral (1).
Although with a reduced domain of convergence, the compact expressions (25) or (26) 
V. SPECIAL CASES
Our general results (17) and (25)- (26) At D = 1, the integrals (1) or (5) are elementary, and a short calculation using
The same result immediately follows from (25) 
This simplified Appell function reduces through the relation (Ref. 19 , p. 102)
to a Gaussian hypergeometric function with parameters 1,1/2;3/2 and positive argument 
followed by the linear transformation (13) for the resulting Gauss hypergeometric function.
The latter transformation converts the argument z
2 )/(4m 1 m 2 ), which blows up for small values of m 1 and m 2 , again to the safe combination w < 1. This is a counterpart of the analytical continuation carried out before through the transformation (27) for the Appell function F 1 .
The last expression in (32) agrees with the integrand of I(1, q) from equation (70) When D = 4, the value of ε vanishes, and both the equations (17) and (25) (5)- (6) . This term has been calculated previously by BDS 2 using the Feynman parametrization.
Expanding the result (17) in small ε we obtain (see Appendix A)
in agreement with Refs. 2 and 11.
The limiting case D = 0 is somewhat special. It can be well illustrated by turning to the "double" integral (3) stemming from the Lifshitz-point theory. Let us accept again that 
This is easily reproduced from equation (26) . At p x = 0, the first argument of F 1 vanishes, and it reduces to a Gauss hypergeometric function yielding
in agreement, up to the normalization of the integral, with Ref. 10 . By setting ε = 4 here, we obtain (36). Note that this correct limit could not be obtained by setting D = 0 directly in the scaling function (25) .There, no vanishing of the first argument in F 1 occurs, which was achieved by restoring the external momentum dependence in (26) .
VI. REDUCTION RELATIONS FOR THE APPELL FUNCTIONS
By equating the results (17) , (25) , or (28) for the integralÎ(m 2 ) with its BDS expression (7) we obtain apparently new reduction relations for the involved Appell functions.
Thus, for the function F 4 we get
where a parameter α stands in place of 2 − D/2 = ε/2. The relation (37) was derived for arbitrary real positive masses m 
Comparing the equations (25) and (7) we write down a similar reduction relation for the Appell function F 1 ,
where
By writing in (39) the variables of F 1 as −p 2 and q 2 we stress that this function is even in p and q. So is the combination on the right, too. But here, each of terms with a Gauss hypergeometric function contains an explicit dependence on q and is not even in this variable.
All the odd powers of q must cancel in the whole combination through the symmetrization f (q) + f (−q) present here. Its role is analogous to that of (2), implemented in (7) and (37).
The Appell function F 1 from the relation (39) exists for any real or complex values of the parameter α. It is absolutely convergent for p 2 and q 2 < 1. These variables can also be both real and complex. The convergence region of the function F 1 can be extended by using the transformation formulas like that in (27) . A further reduction relation for the Appell function F 1 can be written in a similar way by using the formula (28) .
In this paper we have discussed the functional form of a standard but non-trivial one-loop [11] [12] [13] [14] in several equivalent forms.
The BDS result contained a linear combination of two Gauss hypergeometric functions neither of which was symmetric with respect to the interchange of the masses m (25)- (26) and (28) Let us consider the equation (17) Again we use the property (A2) of (ε/2) k to obtain
Here, the hypergeometric function reduces to an algebraic function (Ref. 15, p. 34, Ref. 16,  p. 461, Eq. 106) through the same relation that was used in (10). Thus we get
This formula implies that, if we introduce the series expansion
the function σ 1 is given by
